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LARGE DEFORMATIONS, SUPERPOSED SMALL
DEFORMATIONS AND STABILITY OF ELASTIC RODS.

A. E. Green, R. J. Knops and N. Laws

University of Newcastle upon Tyne

Abstract—We give a theory for the small deformations superposed on the large deformation of an elastic rod.
We consider some aspects of material and geometrical symmetry and discuss the solution of some problems of
finite deformation. Also we discuss the stability of a straight rod which has been subjected to a large simple
extension.

1. INTRODUCTION

STARTING with the general thermodynamical theory of elastic rods given by Green and
Laws [1], we develop a theory of small deformations superposed on a large elastic deforma-
tion of the rod. We go on to discuss certain symmetries associated with an elastic rod and
obtain the reduced form of the constitutive equations in this case. It turns out that the
occurrence of these symmetries implies that one can obtain the general solutions of some
problems of finite deformation—this is analogous to the situation in the full three dimen-
sional theory of elasticity. We discuss the solution to the problem of the extension and
torsion of an initially straight rod and to the problem of the flexure of an initially straight
rod.

Next we give the complete set of equations governing the small displacement of a
straight rod subjected to a (large) simple extension. Here, we find that the equations separate
into four distinct groups, two concerned with flexure, one with torsion and one with
longitudinal extension. Also the temperature occurs only in the last of these groups.
This parallels the result of Green et al. [2] in the linear theory of straight elastic rods.

We conclude the paper with a stability discussion. We consider the stability of a straight
rod which has undergone a simple extension when the rod is simply supported or when the
rod is clamped at both ends. The critical values obtained for the compressive force in the
rod are, under some apparently reasonable assumptions, less than the values obtained
using the classical theory.

2. AN ELASTIC ROD

A rod is defined by Green and Laws [1] to be a curve ¢, embedded in Euclidean 3-space,
at each point of which there are two assigned directors. Let ¢ be defined by

r=r(0, ), 2.1)
where r is the position vector, relative to a fixed origin, of a point on ¢ and ¢ denotes the
time. We regard 0 as a convected coordinate defining points on the curve. The initial
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position of ¢ is denoted by €. Also, let two directors A, (a = 1,2) be assigned to every
point of @. The duals of A, at time ¢ are denoted by a, and the motion of the rod is given by

r =r(6,1), a, = a,(0,1). (2.2)
We define a5, A; through
a; = 25(0,1) = 0r/38, A, = a,(6,0), 23)
and assume that
[a,8,85]) > 0. (2.4)

In the subsequent work we use a usual index notation in which Latin indices have the
values 1,2, 3, Greek indices the values 1,2 and repeated indices are summed over the
appropriate range. It is, perhaps, worth remarking that Greek indices are not always
“tensor™ indices.

In view of (2.4) we may define a set of reciprocal base vectors a' by

a.a; = J, (2.5)

where (Sj is the Kronecker delta, and use the notation

a; = 8;.8;, a’ = al . al, a = |a, (2.6)
—-«i S 8 = K N T = a"k. . _7
ae K:ra Kl af Ki a Kls (2 )
The local equation of mass conservation is
py/as3 = function of 6 = B(6), say, (2.8)
where p is the mass per unit length of ¢. The equations of motion are
on
— = B¥ 29
Oa,
%xp“-l—a;,xn«}-aaxn" = 0, (2.10)
where the two vectors »* are defined byt
= ‘;l; +Bg°, @ = F—y i, 2.10

In the preceding equations n is the force and p® the director forces which constitute the
mechanical action in the rod. Also f is the assigned forcel per unit mass, q* the difference
between the assigned director force} and the director inertia terms and a superposed dot
denotes the material derivative with respect to ¢ holding @ fixed.

It is often more convenient to use the component form of the equations of motion,
Thus, if

n=n.a, fi=f.a, n=n"al p=p*.a, c=Fi.a\ (2.12)

+ The vectors x* used here are not the same as those used by Green and Laws [1].
$ That is load plus body force.
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we see from (2.9) to (2.11) that

%% +xn+ B = B, (2.13)
and
n*f —mbe 4 prPic*— pricf = 0, (2.14)
7f3 + p3xf — p*Px P —nf = 0. (2.15)
For an elastic rod, the Helmholtz free energy per unit mass, A, is given by

A = AT, y;, 64, zij’ K.), (2.16)

where
Yij = aij_zij, Oy = ’Cij“K_ija (2.17)

Aj;, K,; denote the initial values of a;;, «;; respectively, and T denotes the temperature.
Also

oA
3 _ 233 =2 iy
W=t =285 2.18)
04
nl’..... “SK;’ = f— 2.19
P F (2.19)
xﬂﬂ+ Rﬁ“_p?ﬁx;ﬂ-py“x;ﬁ = 4ﬁ o4 R (220)
ayxﬁ
. 64
P = ‘36 , (2.21)
Coi
0A
| s= -5, @222
where § denotes the entropy per unit mass. In addition the residual energy equation is
Br—BTS —0h/00 = 0, (2.23)
where
or
—h2s 20, (2.24)

r is the heat supply function per unit mass per unit time, and h is the flux of heat along
¢ per unit time. In evaluating the right hand sides of (2.18) to (2.22), 4 is to be regarded as
a function of y,3, ¥33, 5(yap+ ¥s)- Finally the constitutive equation for 4 is

h = KT,y 04, Aij, Ky, 0T/00), 2.25)

and provided h is a continuous function of dT/90 in the neighbourhood of dT/00 = 0, we
may show from (2.24) that

h =0 whenever 0T/30 =0. (2.26)
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3. SMALL DEFORMATION SUPERPOSED ON A LARGE DEFORMATION

We consider three configurations of the rod: the initial configuration with the position
of the curve € and the directors denoted by A,, the first deformed configuration where the
curve is denoted by € and the directors by A,, the final configuration in which the curve is
denoted by ¢ and the directors by a,. In the initial configuration we specify the curve € by

R = R(9), 3.1

and assume that, in this configuration, the rod is in equilibrium at uniform temperature
T, and entropy S,. We also assume that the first deformed configuration is one of equili-
brium at uniform temperature T; and entropy S,, and that € is specified by

R = R(O). (3.2)

The final configuration is obtained by a subsequent small deformation with the curve ¢
given by

r=r0,1 = R(@)+ w6, 1), 3.3)
and the directors a, are determined by
a, = a,0,1) = A(0)+ b0, 1). (34

where ¢ is a small real parameter. Hence the displacements and director displacements,
from the first to the second deformed configuration are gu, gb, respectively. In the following
analysis, powers of ¢ above the first will be neglected—except in the free energy 4.

From (2.3), (3.3) and (3.4) we observe that

a; = Ai+£bi’

35
b, = ow/d0, A, = 6R/69} (3:3)
We shall denote the quantities occurring in (2.6) and (2.7) which refer to the initial unde-
formed configuration by majuscules with a superposed bar, for example K;;. Also those
kinematic quantities which refer to the first deformed configuration will be denoted by
majuscules, for example A4;;. Using this notation we have, from (2.5), (2.6), (2.7) and (2.17)

a; = Agj+elb;+by), v = [ij+elby+ by, (3.6)
where
I = A;—A; G.7
and
b; = bA’ = bj’A,;, b = A%b,. (3.8)
Also
a' = A'—ebjAJ, 39)
and, recalling (2.17),

Kij = Kij+ed;, 0y = Zij+ed;, 3.10)
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with
)'ij Aliaabe + b; SK + b sKls: {3.1 1)
A =
K= Ar“&é L= Ky— Ky (3.12)
In addition
ki = K7 +ep?, (3.13)
where
. obY .
7 = —+b}Ki -biK},
alPY £ (3.14)
Ki = A*Ky. (3.15)

We suppose that the values of n, p* and =n* in the first deformed configuration are
N, P* and IT* and write

n = N-+gv, P’ = P4 ef? n* = "+ s00* (3.16)
Also the assigned forces f and director forces I* are assumed to be of the form
f=F+ef, P o= L+ el”, 3.17
so that if
q¢° = Q*+q”, (3.18)
then
Q=L q°=1"—y%b,, (3.19)

since the first deformed configuration is one of equilibrium.
From (2.9) to (2.11) and (3.16) to (3.19) we obtain the following equations of equilibrium
of the first deformed configuration:

aN-i—ﬁF 0, (3.20)
%XP“+A3XN+A,,XH“=0, (3.21)

with
I = 6P’+5L* (3.22)

We also obtain the equations of motion for the subsequent small deformation in the form

N e
=5+ Br = i, (3.23)
Z‘; +A3xv+Aaxm“+%‘;xP“+b3xN+b xTI* = 0, (3.24)
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with

_ %
T o0
Next, we wish to determine the component form of the equations of equilibrium (3.20) to
(3.22) and the equations of motion (3.23) to (3.25). If

o
o

+pq=. (3.25)

M =Ir.A, o‘=a.A, P =P A,
. . . . (3.26)
Vo= V.A', éau = ga_Al,
then from (2.12), (3.9), (3.16) and (3.26) we find that
= 1% + g(w™ — bTI*), (3.27)
n' = Ni+g(v' —biN"), (3.28)
p* = P¥ 4 g(E* — b P™). (3.29)

With the help of these results, we may show from (3.20) to (3.22), or (2.13) to (2.15), that
ON!

g TK/NT+BF =0, (3.30)
1% —I1P*+ PPK 2 — PPKF = 0, (3.31)
M + P3Kf - P¥K2—NF =0, (3.32)
where, from (2.11) and (3.19)
) . .
n“ = W+ K, 'P* + L%, (3.33)
L% = L*. Al (3.34)
Also the equations of motion (3.23) to (3.25), or (2.13) to (2.15), yield
avi iy , azui
5 HEK +H" =B (3.35)
o — @ — b1 + b T1P" + PP ys — Pry? (336
+ KHE? —bPP")~ K& —b7P") = 0, ‘
wb3 — b;3nﬂ' —P + b;ﬂN" + K;ﬂ(éaS _ b;SP")
3.37
+UEP — K —bIP™) = p 2P = 0, ean
where
U =u. A, (3.38)
ai __ aéui i gor rai
ot = —%.{"Kré +Bq’™, |
. (3.39
yy
q/ai — l!al'_yaﬂa bﬁ

or?
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Finally we put
T=T+T, S=S,+¢S, r= R+er, h=H+¢eh'. (3.40)

With the help of the results of this section we can now deduce the constitutive equations
for the two deformed configurations of the rod. For the first deformed configuration, we
find from (2.18) to (2.22) that

) 0A
N3-P8K3 =2 , 3.41
(- ﬂar33 ( )
0A
NE—_p=3KB — .
P¥Kf=8 ar,y’ (3.42)
) . oA
% + %" — PPK*— PK? = 4f_—, (3.43)
5]
. oA
PY=p—— 3.44
ﬂazai’ ( )
0A

where A is to be evaluated at this configuration. Also the energy equation reduces to

BR—GH/30 = 0. (3.46)

But, since this first deformed configuration is one of uniform temperature T,, we see from
(2.26) that H = 0, and hence

dH/o6 = 0. 3.47)
Also (3.46) shows that for this configuration to be possible we need
R=0. (3.48)

The constitutive equations for the infinitesimal increments are found to be

v3 _ b-'SNr _ Kf(fas _ b'SPar) _ PuSu;&

G| 0*A %A
= 4ﬂ5r_§;b33+zﬂm(bﬁ3+b3p)+2ﬂm(baﬁ+bﬂa) (3.49)
0%A |
22— A+ 2T
Vs et e

vB— b;ﬁN' _ K;ﬁ(é“s _ b;3Par) - Pa3#;ﬂ

azA azA aZA
= A o b . '
Zﬁar”ar“ bas+ ﬂarasar”(bas +b3)+ Bal'i,,ar,_,,(b*“ +b,,) (3.50)
%A P4
Bty Farar,
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o + whr — b-rﬂr[ar _ b;znﬂr - Pyﬁ“;)a _ Pya’u;ﬂ
— K'y“(f"” - b;ﬂpyr) — K;ﬁ(éya —b2P")

aZA @ZA aZA
Y B Y S S SR Y S SRS Y
ﬂar”araﬂ a3t Barnaraﬂ(bu*‘ )+ ﬁara,,ar,,(b*”b“*) (3.51)
024 %A
40— A 44— T
s, P, T
P pei A 524
al_b.lPar - 2 b
é r ﬂar3362a1b33+ﬂarﬂsazal(bﬂ3+ 3ﬁ)
AT Aave b }' ’
+B@Fu62m~(b*“+ )t 0Zp,0%,; w P ores,
, %4 224
$= _201"3367"1b”_arﬁaaTl(bﬂs‘*’bsﬂ)
(3.53)
azA azA aZA
I by g Y
3T ,,aT, Ot 0 =G5 T o T

where A is to be evaluated at the first deformed configuration. Also the energy equation is
pr' — BT, $—oh'/30 = 0, (3.54)
where, in view of (2.24),
h = ndT/ob, n<0, (3.55)

and 5 depends upon the first deformed configuration. We do not write down the rather long
expression for the free energy of the final deformed configuration of the rod.

This completes the general theory. We note that the preceding theory includes, rather
trivially, the case of infinitesimal deformations of an elastic rod which is initially curved,
force-free and at uniform temperature and entropy. The resulting equations, for the case
of an initially straight rod, reduce to those of Green, Laws and Naghdi [2].

4. SYMMETRIES

It is well known that in the three dimensionai theory of elasticity, there are relatively
few solutions of the equilibrium equations for arbitrary free energy. However, if one intro-
duces some symmetry restrictions upon the possible forms of the free energy then much
more progress can be made. The same situation holds in the theory of elastic rods.

We consider, in the general theory, the free energy given by (2.16) but assume that A
does not depend upon 4;; and K,;. Thus

A= AT, Yij» Oai)- 4.1)
We assume that the Helmholtz function (4.1) is invariant under the transformations

0—) i_ey al nd j:al’ a2 - iaZ’ (42)
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where we may take any combination of + and —. The first transformation implies that
a; - ta;, A;- tA,, (4.3)
and with the second and third transformations we must associate
1-\1 - iAla Az - iA2’ 4.4

respectively. A straightforward, but rather tedious, calculation shows that if 4 is a poly-
nomial then it must reduce to a polynomial in T and the following 45 invariants

Yi1> V22> V33> Yizs Y335 Yia» V12¥13723:

011, 011022, 032, 013, 013024, 031, 013, 033,

011012013023, 011021013023, 012022013023, 031022013033,

Y120110125 V12011021, 120120225 ¥12021022, 712013023,

V130110135 Y13022013, V13012023, V13921023, (4.5)
¥23011023, ¥230220235 ¥23012013, ¥23021013,

Y127130110235 ¥Y12Y139220235 Y12Y13012013> Y12Y13021013,

Y12Y230110 13, ¥12Y230220135 ¥12Y23012023, Y12Y23021023,

Y13¥230110125 Y13Y23011021, Y13723012022, Y13Y23021022; V13V23013023-
The kinetic energy of the rod is
.3y, 4 46)

per unit mass and we demand that this is also invariant under the static transformations
(4.2). Hence

yt2 =y =0. (4.7)

5. LARGE DEFORMATION OF AN INITIALLY STRAIGHT ROD

In the first problem considered here, the initial curve € and the curve € are straight
lines. We choose the directors A, , which are associated with €, and the convected coordinate
0 so that A, are a set of orthonormal vectors which are independent of 8. Hence

R = 0A3, Zij = Ai. Aj = 6,'}, KU = (. (5.1)
We assume that the first deformed configuration of the rod is given by

A, = 4,A, cos Y0+ A, A, sin 6,
Az = —lZAl sin ¢0+22A2 Cos 1119, (5.2)
R 13R = 2.361&3,
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where 4,, 43, A3 and  are constants. The above deformation consists of (finite) extension
and torsion. It follows that

Ay =4, Ay = A}, A33=1§,}

5.3
Ay =0, P+#J, G
and hence
rll=2'%_1s r22='1§‘*1, F33=2§—'1’
(5.4)
Also
Ky1=K;; =K33=K;3=K3=0
A . A
Ky = —Kjy = A41da¢, Kx = /{_‘ﬁ Kz1 = ""‘;ji, (5.5)
2 1
and the only non-zero X;; are
o= ~-Zn = 1112'/’- (5:6)
If the density of the initial rod is g, then from (2.8) we have
p=piy=B. (5.7

We assume that the free energy of the rod is given by (4.5) and that the rod is initially
homogeneous. Hence from (3.41) to (3.44) we have

o4
3 _ B — .
N* =260 NP =0, (5.8)
P!t = p22 = pi3 - p23 _ (59)
o4
P12 =g 5.10)
21 1
Mt = p2iK; 4—2198],11 (5.11)
— 12
122 = p12K 2 +2‘Bar22 (5.12)
24112 = 0, (5.13)

and N3, P2 P2 I1! 1122, (IT'2 +112!) are constant. The equations of equilibrium (3.30)
are satisfied with zero body force and (3.31) and (3.32) yield

n2-m =09, " =0, (5.14)

and therefore, with the help of (5.13),
2 =11?' = 0. (5.15)
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In the absence of body forces, we deduce from (3.33), (5.11) and (5.12) that

K-zl(Plz_PZI) — Zﬁ 04 ,
or'y,
o4 \ (5.16)
2(p21 _p12y - ) ,
Kl (P ) ﬂarzz
or
M 0A _ 0A ) _ 04
A 0A _ 0A _ 0A
A \0Z,, 0%,,]  Tor,,

If we are given A3 and ¢ then (5.17) provides two equations for the determination of 4,
and 4, . We remark that without prior knowledge of the function A, we are unable to decide
whether (5.17) has solutions, a unique solution or no solutions.

In the special case when there is no twist

Yy =0
and in addition to (5.8), (5.9), (5.14) and (5.15) we obtain
M'! =122 = pP'? = P2 = (. (5.18)
Also, in place of (5.17) we find that
0A 0A
ary, oy, G19)

which are two equations for the determination of 4, and 4, when 4; is given.

The second problem discussed here is concerned with the finite extension and flexure
of an initially straight rod. We take the initial curve € to be a straight line and the deformed
curve € to be the arc of a circle of radius b. We again choose the directors A, and the
convected coordinate 6 so that

R = 0A,, Ay = &, K;;=0. (5.20)
In this problem, we assume that the first deformed configuration of the rod is given by
R = bA,sinp—bA,(1—cos¢) (¢ = A;0/b),
A, = A A cos p+A,A;sin ¢,
A, = izAz,

A3 = 13A3 Cos ¢ “j.gA‘l sin ¢,

(5.21)

where 4,, 4,, 43 and b are constants. The deformation specified by (5.21) consists of uniform
extension (with extension ratios 4, A,, 4;) together with pure flexure in a plane normal
to A,. It is a straightforward matter to verify that

Aqy =2’%a A22=}~§, A33=}~§a
Iy, = /1%—1, Iy = i%—l, I3 = Ag—l, (5.22)
A;;=T; =0, i #J.
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Also the only non-zero components of K;; and X;; are
i3 =Ky = ’llig/b = — K3y = —ZLj;. (5:23)
if the initial density is g, then we again recover (5.7). By assuming that the rod has the

symmetries discussed in section 4 and that the rod is initially homogeneous, we obtain
from (3.41) to {(3.44) and (4.5) the following results:

Pl = P22 = p12 = p21 _ p23 _ (5.24)
Nf =0, (5.25)
i3
36213 N3 = p13K; +2ﬁ(3r33 (5.26)
04
= 2B =2 27
M2 +112! =0, (5.28)

With the help of (5.23), (5.24) and {5.26) we find from (3.33) that in the absence of body
forces

2
M = _% P13 T* =0 otherwise. (5.29
1

Also the equations of motion (3.30) to (3.32) indicate that we need
N3* =0 when Kj! #0. (5.30)

Thus, from (5.26), {5.27), (5.29) and (5.30) we must have

i 04 o4
bt i, Sk
b oz, lary,
o4 i3 o4
28 0 - 3 3
RN e (5:31)
oA
ar,, >

in order that the deformation (5.21) be possible. Equations (5.31) provide three equations
to determine the three quantities 4,, 4,, 43 in terms of b. We again note that since we do
not know the form of the function 4, we cannot make a definitive statement about solutions
of (3.31).

We note that it is not possible to obtain the solution for simple extension directly from
the preceding calculation. The reason is that we need to know that K3 # 0 to obtain
(5.30) and certainly K3' = 0 in simple extension.
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6. SMALL DEFORMATION SUPERPOSED ON SIMPLE EXTENSION
We use the results of the preceding section to discuss the small deformations of a rod
under simple extension. For the first deformed configuration the relevant formulae are
Nf = P¥ =TI =0, N3 0,
K;=0, %;=0,
T'ys,.15,, 733 constant,
Ay=Ty;=0 i#]j

(6.1)

In the first place we write down the explicit form of the constitutive equations for the
superposed small deformation and in doing so it is convenient to introduce the notation

%A %A %A

b= B b= b b =R
ky = 4ﬁ§%, ks = ﬁ%, ke = ﬁg%’
o= Br b = Bt b= B
s = B el Y LA
uo = ﬁé—ﬁ%—;, e ey L1

where A is to be evaluated at the configuration (6.1). We observe that all the second deriva-
tives of A, except those listed above, vanish at the configuration (6.1) when 4 is given by
(4.5). With the help of (6.1) and (6.2), we obtain from (3.36), (3.37) and (3.49) to (3.53)

'3 = v' b3 N? = ke(by3+b33), (6.3)
@** = v?—b3*N> = ky(by3+bs2), (6.4)
V3 —b?NS = 2k8b11 +2k9b22 +4k3b33 +2k20T’,

@'l = 4k byy +2kybyg +2kebas + 2k T, (6.5)
w" = 2k7b‘ 1 +4k2b22 +2k9b33 +2k19T’,

w'? = w?! = ky(by,+bay) (6.6)
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EM = kyoAir +3ki9422,
23 (6.7)
= $ky7dyy +ki1h2z,
E12 = kyadia+3kiaday,
21 | (6.8)
&8 = dkyadia+kyaday,
'513 = k6413, (6.9)
523 = k15}.23, (6.10)
8" = —(k21/B)T' —2(k18/B)by1 — 2k10/B)b2; — 2Ak10/B)b33. (6.11)
If we put
Y=oy, Y=o, (6.12)
then we find from (3.39) and (4.7) that
. éﬂl
1] rai
ot = + fq'*, 6.13)
. 0%y
q" =1"—ua, Fye (y not summed). (6.14)
Also the equations of motion (3.35) reduce to
ot . 0
SHBIT = B (6.15)
To help in the interpretation of these equations we recall from section 3 that
. . Ou;
Jo— 4ikp. L=
b = A*by, bs; 20 (6.16)
ob;® by

since the quantities A,; are independent of 6.

Inspection of the equations for the small deformation shows that they separate into
four distinct groups, two concerned with flexure, one with torsion and one with longitudinal
extension. Also the temperature occurs only in the last of these groups. We collect the
relevant groups of equations below.

We consider flexure of the rod in the plane normal to A, . The equations are

Av? a
O b = pan e, 618)
23 2b
11723 = VZ—A22b32N3 = go +B(1,23 A3366[2 3), (619)
VZ—A22N3b32 = kS(b23 +b32), (6.20)
ob du
EB3 =k, 053 by, = -552. (6.21)
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A similar set of equations determine the flexure of the rod in a plane normal to A,. Upon
elimination of v? and £23, equations (6.18) yield the following pair of equations:

R .
00 ot 622)
o, ) ou 8%b '
kis—gr —ksbaa+BI* —ks— = fay 4%3— 22,

It should be emphasized that ks, k,s and N depend upon A,,, 4,, and 4,;. However,
if we use the technique of Green [3] we may regard the initial configuration and the first
deformed configuration to be coincident. Then the preceding work still yields a small
deformation theory in the presence of initial forces. In such a theory k, ... k,, are constants,
but we do not have any means of calculating the initial forces in the rod.

It is, perhaps, of interest to note that the classical equation for the “Euler strut” may be
obtained as a special case of this theory. First we recall that the theory of the Euler strut
requires that the initial force in the rod be prescribed. We therefore use the idea mentioned
in the preceding paragraph to obtain the relevant equation when the initial force is obtained
“without deformation”. In this case there is no loss of generality in taking

Ay = Az =43 =1
To recover the classical theory we let
(b23+b3z) >0, ks> o0, a;=0, (6.23)

with (v2—A4%2b;,N3) not being determined by the constitutive equation (6.20). In the
absence of body forces and director body forces, equations (6.18), (6.19), (6.20) and (6.23)
yield the following equation for u, :

0*u, ou 0%u
k —N3— 2
1550~ N’ gt B

This is the usual equation for the Euler strut.
Next, we consider the torsional motion of the rod. The equations are:

=0. (6.24)

w'? = 2! = ky(by2+b3y), \
¢ = k12%+%k14%,

B =%k“agéz k”aggl ) (6.25)
o'? = 5§;Z+ﬂl'”—ﬂal,422%?¥’
! = é;l+ﬂl’“ Bty A“a;l:zzl_

These equations are of the same form as those obtained for rods without initial force by
Green et al. [2], but here the coefficients k,, k5, k3, k,4 depend upon A4,,, 4,3, As;.
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Finally we examine the equations for extensional motion of the rod:

*u
'3 a3 3
+18f = ﬁA atz *
[ S— 65“ 11 nazbu
o +,8§ —Po, A 5
ot
oe*? *b
22 2> 122 22 22
w 30 + Bl Bo,A FrEa
VB“A33b33N3 = 2k3b11+2k9b22 +4k3b33+2k23T',
mll = 4k1b11+2k7b22+2k3b33 +2k13T', (6.26)
22 = 2k7b11+4k2b22+2k9b33 +2k19T’,
ob ob
= km“é‘éi+§k17"££,
ob ob
3u3
b33 — 6—63

2T
pr +Tl{2k18511+2k19522+2k20b33+k2£T) B/ hrvo e 0 0.

Again, we note that these equations are of the same form as the corresponding equations
of Green et al. [2].

7. STABILITY

The treatment of stability adopted here is based upon Liapounov’s second method as
extended to continuous systems by Movchan [4], Knops and Wilkes [5] and Gilbert and
Knops [6]. The concept of stability is dynamic and roughly envisages that the system under
examination is given an arbitrarily small perturbation at some definite instant. The mag-
nitude, in an appropriate sense, of the subsequent disturbance, due to the initial pertur-
bation, is used in the classification of stability or instability. Precise meanings are given to
the magnitudes of the initial and subsequent disturbances by employing positive-definite
functions p,, p respectively. In general, different functions are used for p, and p.

In order to give a definition of stability further ingredients are required. A time interval
7, must be prescribed at an instant of which the system is allowed to be initially disturbed.
A second time interval J” must also be prescribed during which the subsequent motion is
examined for stability. In the situations considered here, both .7, and .7 are the intervals
[0, oo), and the same results are obtained irrespective of when the system is initially dis-
turbed. It is important to note that the initial disturbance is given to the system at one, and
only one instant chosen from 7, whereas the subsequent motion is examined at alil in-
stants of 7.
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Let the solution of the differential equations considered be denoted by the function ¢.
The function ¢ is defined on J and its values belong to some set X. Also let the initial value
satisfied by a solution ¢ be denoted by ¢(z), where ¢(t) belongs to some set X, and t € Z,.
Then at a time ¢ later, the value of the solution is ¢(t+1), te 7, 1€ J,. We assume that
¢(r+1)is in X, and that

}Lﬂg Pt +1) = ¢(1).
We write

ot) = Pz +1) teT,

and observe that the function ¢, is merely the transiate of ¢.

In this paper we are only concerned with the stability of the null solution of the system.
Accordingly we only give a definition of stability of the null solution which is as follows:
The null solution is stable, if for each 7 € 7; and ¢ > 0, there exists (g, t) > 0 such that

pdd()) <46, e X,
implies
sufp p(PA) < &, teT,pf)e X.

This definition is due to Movchan [4]. We note that the above definition has been generalised
by Gilbert and Knops [6] and that the latter authors have related the whole concept of
stability to that of continuity. When (g, 1) is independent of 7 the stability is said to be uni-
form. It is evident from the definition that stability depends critically upon the explicit
measures taken for p, and p. Indeed, it is possible for the null solution to be stable with
respect to one pair of measures p,, p, and unstable with respect to a different pair.

It is often convenient to establish necessary and sufficient conditions for stability by
means of a theorem analogous to the classical theorem of Liapounov. This theorem requires
the introduction of a third set of positive-definite functions F,, and is as follows: The
null solution is stable if and only if for each t € .S, 1 € 7, there exists a positive definite
function F,, defined on X for which

(1) given ¢ > 0, there exists d(g, ) > 0 such that )
p@(r)) < & implies F, o(é(7)) <e,
(i) F, (@) is non-increasing with respect to ¢, " (7.1)

(iii) given n > 0, there exists &(n, t) > 0 such that

sup F (¢(t) < ¢ implies sup plodD) <. |

The above theorem has the corollary that the null solution is uniformly stable if and only
if the conditions (i) and (ii) hold uniformly in z.

A proof of this theorem and corollary have been given by Movchan {4] and Gilbert
and Knops {6]. The latter work proves a more general result than that given above and
imposes less restrictions than are required by Movchan [4].

We observe that when the system is stable two immediate candidates for F, , are

sup p(dAs), sup F. {¢(s), s ted. (7.2)
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Hence condition (ii) enforces boundedness assumptions such as

P@1)) < o,  F(¢d1) < co. (7.3)
For practical purposes, it is often better to express condition (i) in the equivalent form

F, o(@(t)< c1pd(1)) (7.4)

where c, is a positive constant, and condition (ii) in the equivalent form

Fo A1) 2 c2p(:1)), (1.5)

where ¢, is a positive constant.

We now turn our attention to an explicit problem. We consider the stability of the
initially straight rod which has been subjected to a simple extension and so we may use
the results of section 6. As we have already remarked, the equations governing the small
deformations of the rod separate into four distinct groups. In the remainder of this paper
we shall only consider one of the groups of equations {6.22) which govern the (small)
flexural vibrations in a plane normal to A,. Thus we shall permit only those initial per-
turbations which give rise to such flexural vibrations. However, the method indicated
here can be readily applied to the remaining groups of equations and yield a complete
stability analysis. We study the flexure problem because of the fair amount of interest in
this problem in the framework of the classical Bernoulli-Euler rod theory.

If the body forces and director body forces are zero, we have, from {6.22), the two
equations which govern the flexural vibrations:

ou ob ou
2203 - = 227 .
(ks+A4 )602+k509 pA 37 (7.6)
o%*b ou 33 0°b
kxsw—ksb—kyé@ = fasA el 7.7
where, for simplicity, we have put
u=u,, b= b23. (7.8)
We suppose that the rod is determined by 0 < # < [ and put
0= Ix, u=Ip
kls _ 5 A22N3 112
o TR TR 7
ﬂAZZ B '_’! ﬁa2A33 B
kK, P
For the rest of this paper we assume thatt
&> 0, m> 0, n>0 (7.10)

t We note that N* is positive for tension, negative for compression.
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and that 4 is real. Equations (7.6) and (7.7) now assume the more compact form

@0 b 3%
(1-¢&4 )a 3t e =M (7.11)
2 2
L b-b._.‘?‘i _ .0 (7.12)

ox? 0x or?

We examine the stability of the null solution v = 0, b = 0 when the rod is subject to
one set of the boundary conditions

(a) v(0, 1) = b(0,1) = 0, o(l,)=b(1,0 =0, (7.13a)
b 0, = %(O, =0, o(l,t) = g%(l, =0 (7.13b)

The boundary conditions (7.13a) are appropriate to a rod which is clamped at both ends,
and (7.13b) are relevant to a rod which is simply supported at both ends. We notice that as
a consequence of the differential equations (7.11), (7.12) and either set of boundary con-
ditions (7.13), the total energy functional

1 2 3
o= {3 eo-cofa s o o

does not vary in time, so that
E(1) = E(0).

In this application we take X to be the set of all real-valued functions, defined on the
interval [0, 1] which are continuous together with their first and second derivatives. We let
7, =9 =1[0, o) and arbitrarily take 7 = 0. It is readily seen that the subsequent con-
clusions are valid irrespective of the value of 7, so there is no loss of generality in assuming
t = 0. Also we take the measure of the initial perturbation, p,, to be

pd(r)) = E(0)*.

We shall consider two choices of the subsequent disturbance, but in each case we shall
use the functionalt E(1)* to establish stability. The conditions of the stability theorem then
demand that E(f) < co. Since the constant functional E(r)? is equal to the initial measure
pLP(1)), the only condition of the stability theorem still to be satisfied is (7.5).

To carry out a detailed investigation we need some inequalities. First we consider the
minimum of the functional

5 {(f+ ) ”( )}d"/ f(gf;)dx (7.15)

for functions f, g e X satisfying (7.13a) or (7.13b), i.e.
SO0 =7(1,)=2g0,)=g(,)=0,

or

T =L1,0=50.0 =010 =

+ That is, we shall put F, (¢ (1) = E@)*.
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If the minimum is denoted by £k?, then for either set of boundary conditions we may show
that the minimizing functions f,, g, satisfy

02 0
_ﬂ)...fo g°=(),

“a e (7.16)
g, Of, '
8 Yo _
)

We note that these equations are the static counterparts of (7.11) and (7.12). From (7.16)
it is straightforward to show for clamped ends, (7.13a), that k is the smallest positive root of

h? h h /
2 = 2
k TTen tan2 3 (1+¢&h%), (7.17a)
whereas for simply supported ends, {7.13b), that
2
2 _ T
k T {7.17b)

Thus for functions b, ve X we have

! ov\*  [ob\? tav\?
hd = > £k — .
Ry T L o
where k is given by (7.17a) for clamped ends and by (7.17b) for simply supported ends.
Also we need the resultt that for any function f € X such that f(x, t) = 0 for some x &[0, 1],

1 a 2
fo (%) dx > JSup Lf(x, I2. (7.19)

Consider now the case (7.13a) when the rod has clamped ends. From (7.10}, (7.14) and
(7.18) we have

E(t) > LI {é(%)2+ (b+§§) l—czl(g—z)z} dx (1.20)
> J: &k —32) (g;)z dx, (7.21)
where k is given by (7.17a). Thus provided
k? > 32 (71.22)
we obtain from (7.13a), (7.19) and (7.21)
E(t) > [¢(k* - %)) oSup flx, 1)) (7.23)

We have therefore established stability (in fact, uniform stability} with respect to the
measures E(0)* and sup|v] provided (7.10) and (7.22) hold. Again, we have from (7.10),

T For a proof see for example Knops and Wilkes [5).
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(7.13a), (7.14), (7.18) and (7.22)

w0 [ [b5) <fad o

(7.24)
2 2
fék A()
and with the help of (7.19) we get
2
E(n? > Iii( ):I sup |b(x, 1) (7.25)
0<xx<1

Thus we have established uniform stability with respect to E(0)* and suplb| under the same
set of restrictions (7.10) and (7.21). We remark that we have shown that the rod is stable
as long as (7.10) and (7.21) hold. This does not imply that if one or other of these conditions
is violated then the rod is unstable.

Let us now discuss the case when the rod is simply supported so that boundary condi-
tions (7.13b) hold. It is clear that we can repeat the calculation which starts at (7.20) and
ends at (7.23) to establish uniform stability with respect to suplv]. The only change is that
in this case k is given by (7.17b), and the stability condition becomes

731 — £4%) > A2, (7.26)

However, when we try to repeat the steps (7.24) to (7.25) we find that we are unable to do
so, for in this case we cannot use (7.19) since b does not necessarily vanish for any x e [0, 1].
Instead we proceed as follows : From (7.24)

—A%[ob
E@ > f E— ( 6x) dx

k2__,12 1 2

Since, b— f b dx vanishes at least once for x & [0, 1] we may use (7.19) to obtain

2_xy1E
E@t)? > [%2—1—)] sup

O0<x<1

1
b(x, t)—f bdx|.
0

But [ bdx is independent of x and so

oSup , blx. 1 < {:(kz AZ)E("} f bdx

{.f(kzk lz)E(t)} {f b? dx} , (7.27)

where we have used Schwartz’s inequality. Inspection of (7.27) shows that if we can prove
that E(r) is bounded below by f3b? dx then we may establish stability with respect to
suplbl. Of course, we would then incidentally have proved stability with respect to |} b? dx.
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To demonstrate the required result we consider the minimum of the functional

[ fo-sof o {2 o

for functions f; g € X satisfying

Sond
5;(0, 1=

b =0 20,0=¢1=

Note that (7.26) implies that (1 — £4%) is positive. Denoting the minimum by K2, it may be

shown in the usual way that the minimizing functions fo, g, satisfy

Y
f
0+ é 612 fO 9
1 o 62g0__0
1-¢A2 0x  ox*

and hence that

. 1
61(2:= nnn{ﬁnz,Itjzii}.
We therefore have the result that for functions b, v € X, satisfying (7.13b),

f {(l 5,12)( et ) {(ab)}dx>£K2f b2 dx.

Now return to (7.14) to see that

Lo (ob\? v b\ @
B0 = | {5(5) H1-ga )(5;+1_w) b }dx,

which, with the help of (7.28), gives

i

12
1—¢2?

E(t)zf E(KZ— )bzdx.

o]

But (7.10) and (7.28) imply that

22
f(Kz -1 _&2) > 0,
so from (7.27) and (7.30) we find that
sup |b(x, 1) < cE(1),
0<xx<1

(7.28)

(7.29)

(7.30)

where c is a positive constant. Thus provided (7.10) and (7.26) are satisfied we may conclude

uniform stability with respect to E(0)* and sup|b|.

In the interpretation of the inequalities (7.10), (7.22) and (7.26) it must be remembered
that ks, k, s and N are derived from the energy function, and hence depend upon A'?,
A?%, 433, In the special case, mentioned in section 6, when we regard the initial force to be
obtained “without deformation” some explicit results may be stated since ks and k5
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are constants. For this case there is no loss of generality in taking 4'* = 422 = 43 = 1,50
we do. Also we make the reasonable assumptionst that

B >0, ay > 0, N3 <0; (7.31)
then the inequalities (7.10) become
ks >0, k,s > 0. (7.32)
Granted (7.31) and (7.32), the stability condition for clamped ends is
kz
-N3 < klsl—z’ (7.33)

where k is the smallest positive root of (7.17a), and the condition for simply supported ends
is

k5k1 57t2
k5lz + k 1 57!2 ’

We remarked in section 6 that the usual equations for the Euler strut could be obtained
as a special case of our more general theory. Roughly, the classical theory is obtained by
letting ks — oo in the case when the initial force is obtained “‘without deformation”.
It is quite straightforward to obtain the critical loads in this case from (7.33) and (7.34)
and it may be shown that the critical values obtained in the general development are smaller
than the critical values corresponding to the classical theory.

_N*< (7.34)
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AGcrpaxr—/laeTcs Teopusi /is ManbiXx NepeMelleHHi, HakianbiBaeMbix Ha CoJybinoe nepeMelleHmne
Yupyroro crepxsi. O6¢yKNal0TC HEKOTOPBIE BUAL CHMMETPHH MATEPHANIA H FEOMETPHYECKOH CHMMETPHH .,
MNMonyyaercsa pelieHHe HEKOTOBIX 3a4a¥ B KOHEYHEIX mnepeMellcHusx. OOcyxknaeTcs Takke YCTOWYMBOCTL
NPSMOTo CTEPXKHSA, IOABEPKECHHOrO NPOCTOMY GOJIBUWIOMY YIUTHHHEHHIO,

t Recall that N3 < 0 implies that the rod is under compression.



